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Synopsis 

A combination of the Bersted model, giving the relaxation spectrum in terms of the molecular 
weight distribution (MWD), and the rubberlike-liquid model of Lodge is used to describe the elon- 
gational viscosity for constant extensional strain rates in terms of the MWD. Predictions of this 
hybrid model are in reasonable agreement with experimental results for polystyrene, if one assumes 
a strain rate dependent truncation of the relaxation spectrum. The predicted effects of varying 
molecular weight and breadth of the molecular weight distribution on the extensional viscosity are 
presented. At constant weight average molecular weight and constant strain, a narrower MWD 
is predicted to yield an extensional viscosity-strain rate curve that is essentially shifted to higher 
strain rates relative to a broader MWD. Furthermore, a t  constant weight, average molecular weight, 
constant strain, and high strain rates, a narrower MWD is predicted to yield a higher extensional 
viscosity. 

INTRODUCTION 

In polymer processing operations molten polymer is often subjected to flow 
through short dies and variations of the spinning operation. In both of these 
cases the rheological response of the material is largely controlled by the elon- 
gational properties of the polymeric fluid, although the extensional strain rates 
cannot, in general, be considered constant in these processes. 

There are two primary deformation modes, shear and elongational, studied 
for polymer melts. Simple shear has been studied extensively and its description 
in terms of molecular structure reported.l-6 Conversely, elongational defor- 
mation is less well understood and studied. One of the major reasons for the lack 
of attention to elongational flow is the experimental difficulties in obtaining 
meaningful results. The lack of uniform and well-defined experimental con- 
ditions has led to apparently contradictory trends for the elongational viscosity 
with deformation rate.7 However, more recently, increasing attention is being 
focused on the elongational behavior, since the flow behavior of polymeric melts 
in economically important processes such as fiber spinning, film blowing, and 
the extrusion through very short dies that are encountered commercially, is 
primarily governed by elongational rather than shear properties. 

The elongational strain rate may be defined as j / ~  = dV,/dz, where V, is the 
velocity in the stretching direction z. If j / ~  is constant, the above relationship 
can be integrated to 1/10 = e4Et, where 10 is the initial length. For the case of Y E  
not being constant, the situation increases greatly in complexity, and therefore 
will not be considered here. The elongational viscosity may be defined as 
aEl+E, where UE is the time-dependent tensile stress on the fiber (i.e., the load 
divided by the cross-sectional area). This case of constant strain rate is exper- 
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imentally realized for the uniform elongation of a rod, in which the one end is 
fixed and the other is separating from the fixed grip at  constant velocity. This 
idealized case generally differs from the fiber spinning experiment in that + E  

may not be constant and the cross-sectional area A of the fiber decreases along 
0 .  

In the past couple of years it has been dem~nstrated'-~ that both the viscous 
and elastic properties of polymer melts are related in a simple manner to the 
molecular weight distribution (MWD). It is the intent of this paper to develop 
in a similar manner to the shearing case the relationship of elongational flow 
properties to the molecular weight distribution under conditions of constant rate 
of strain. This relationship will be developed by combining the previously de- 
veloped connections between the relaxation spectrum and the molecular weight 
distribution and a simple, but more general, continuum model. The model 
chosen is the rubberlike-liquid model of Lodge.8 This model has been chosen 
for the purpose of illustration and because of its simplicity. 

EXPERIMENTAL 

The one sample studied here is an amorphous commercial polystyrene 
(Monsanto Company, Lustrex GC505) for which experimental elongational 
rheological behavior of this molten sample (155OC) at various constant ex- 
tensional rates has been previously reported by Everage and Ballman.gJo 

Molecular weight data were obtained with a Waters Model 200 GPC at 135°C 
using 1,2,4-trichlorobenzene as solvent and four Styrogel columns of porosities 
lo6, lo5, lo4, and lo3 A. Calibration was effected by using the universal cali- 
bration procedure with Pressure Chemical polystyrene standards. 

THEORY 

relating rheological properties in shear to the MWD, 
makes no predictions for elongational flow. The model does, however, make 
the specific connection between the relaxation spectrum (from which most linear 
viscoelastic quantities may be calculated) and the MWD. Therefore, the model 
would appear to be able to provide the detailed molecular connection needed 
for making predictions from the MWD for arbitrary flows from the more general 
continuum models if these models can be described in terms of the relaxation 
spectrum. The Bersted model might be envisioned as serving a complimentary 
role to the more general theories, which lack detailed molecular connections. 

The Bersted model assumes that linear viscoelastic relations are valid at higher 
shear rates, if the shear rate dependence of the system is taken into account. 
Therefore, the melt viscosity at  any shear rate + can be represented as 

(1) 

where H ( T )  is the relaxation spectrum and 7, is a shear rate dependent parameter 
assumed to be proportional to l/+. 7, is therefore the maximum allowed re- 
laxation time at  any shear rate. The detailed connection between v(+ )  and the 
molecular weight distribution has been made by using the empirical zero shear 
relationship to give the viscosity at  + as 

The Bersted 

T I ( + )  = s, T C  H ( T )  dT 

T I ( + )  = K C K ) "  (2) 
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where ~0 = K(mU)" is the empirical zero shear relation, 
i-c-1 OD 

B; = C w ~ M ;  + Mc(j . )  C wi 
i= 1 i=c 

and wi is the weight fraction of the ith component. Mc(+) was empirically found 
to be related to y as 

Mc = Mo(j.P (3) 

where Mo is a constant depending on temperature and polymer type and d is a 
constant, which is approximately independent of temperature. It has recently 
been shown5J1 that 7,  can more accurately be represented as 

7, = a(Mc)" (4) 

where (Y is a constant at  a given temperature and for a given polymer type and 
a is the exponent in the zero shear relationship. I t  therefore follows that 7, is 
not necessarily proportional to ll+ as assumed in earlier  publication^.'-^ 

The Bersted model has been extended to yield the relaxation spectrum in terms 
of the molecular weight distribution as 

where& = Z&q and cr is the proportionality constant between 7, and (M,)". 
A compatible general model to couple with the Bersted model is the rubber- 

like-liquid model of Lodge: since the Lodge model appears to describe many 
of the rheological features of melts, if the relaxation spectrum is known. The 
Lodge model is given in terms of a memory function. In the Appendix, his model 
is redefined in terms of the relaxation spectrum, which using the Bersted model 
can be calculated from the MWD. Further, the time-dependent relaxation 
spectrum, which has previously been shown4 to be applicable to time dependent 
shear properties, is used (see Appendix) to provide the following relationship 
for the extensional viscosity under conditions of constant rate of strain: 

where H ( 7 )  is the relaxation spectrum at zero shear, 7 is the relaxation time, +E 
is the steady elongational strain rate, and 7, is the maximum allowed relaxation 
time at  long times (e.g., the relaxation time at which the spectrum is truncated). 
There is, however, no a priori reason to expect 7, in extensional flow to obey the 
same relationship as in shear with respect to the deformation rate, if in fact the 
relaxation spectrum is progressively truncated with increasing +E.  Two possible 
generalizations of eq. (3) will be considered. Equation (3) might be generalized 
by assuming a similar relationship as in eq. (3), but replacing i. with the second 
invariant (I1 = -T2 in shear and -3 j .g  for extensional flow) of the strain rate 
tensor. The second possible generalization of eq. (3) involves replacing j .  with 
the maximum velocity gradient for more arbitrary flows. This would entail the 
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replacement of ? with ?E in eq. (3) for extensional flows. This change is not 
incompatible with the principles of continuum mechanics (the viscosity being 
at most a function of the invariants of strain rate tensor), if we consider that in 
elongation flow the third invariant, 111, of the strain rate tensor, which for 
mathematical convenience is generally considered to be zero, is not zero. Re- 
placing ? with 4 for nonviscometric flow yields the following expression in terms 
of the strain rate invariants: 

4 = (-II)'/' + [ l  - (3)'/2/(2)1/3](111)1/3 

RESULTS AND DISCUSSION 

Comparison of Predictions with Experimental Data 

Published data on linear polymers undergoing elongational flow at constant 
extensional rate, in which the sample length varies exponentially with time, are 
not very prevalent. The data of Everage and BallmangJo have been chosen to 
compare with predictions, because the model of Bersted has already been shown 
to be applicable to the shearing case, and their data were obtained under con- 
ditions of isothermal steady elongational flow. The necessary parameters for 
application of the model have been shown5 to be calculable from knowledge of 
the temperature variation of the zero shear viscosity. From the shear viscosity 
data of Everage and Ballman? previously reported5 values for a, Mo, and d at 
190°C, and the predicted5v7 temperature dependence of these parameters, K 
(155°C) was found to be 6.21 X a (155°C) = 1.07 X 10-'8, M o  = 221,000, 
and d = -0.2602. 

As pointed out earlier, there is no a priori reason to expect 7, to bear the same 
relationship to deformation rate in the case of elongational flow as in shearing 
flow. As a result it  would seem prudent to examine the predictions where the 
effect of elongation produces no progressive truncation of the relaxation spectrum 
with ?E. Figure 1 contains the experimental data of Everage and Ballmang and 
predictions of the model based on eqs. (5) and (6), where the effect of elongational 
flow on the relaxation spectrum is neglected (i.e., 7, m and the relaxation 
spectrum is not truncated). For high ?E the predictions show the essential 
features of the experimental data, although the upturn a t  longer times is pre- 
dicted somewhat earlier than observed. This predicted early upturn has also 
been observed by Chang and Lodge,12 whose predictions from Lodge's rubber- 
like-liquid model, in which the memory function was evaluated from other rhe- 
ological data in shear flow, were compared with Meissner's13 experimental data 
on low-density polyethylene. These discrepancies between the experimental 
and predicted elongational viscosities at  the higher deformation rates suggest 
that some truncation of the relaxation spectrum may be responsible. 

The apparent deviations between the experimental and predicted data in 
Figure 1 at the lower ?E are harder to rationalize. From the data of Meissner13 
it was shown that at the beginning of stress growth, the experimental elongational 
viscosities coincided with the curve for the time-dependent shear case 3il,(t ). 
Since it has been shown4 that the Bersted model can give a good description of 
the shear stress growth [+(t,?)], closer agreement between experimental elon- 
gational viscosities at  low and 3.ilo(t) is expected. Additionally, agreement 
a t  low ?E with the shear case might be expected because of the reasonable 
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Fig. 1. Elongational viscosity as a function of strain rate and time. The lines are predictions of 
the model assuming no truncation of the relaxation spectrum, and the points are the experimental 
data of Everage and Ballman (ref. 9). j l ~  = (@) 0.413, (A) 0.260, (0) 0.165, (0) 0.066, ( A )  0.026 sec-I; 
---, predicted linear viscoelastic shear (3fi0). 

agreement between predicted and experimental data reported by Chang and 
Lodge12 at  low + E .  

In order to attempt to improve agreement between the predictions and ex- 
perimental data, the effect of deformation on the relaxation spectrum was as- 
sumed to be as given by eqs. (3) and (4), except + was replaced with the second 
invariant of the strain rate tensor. This modification led to much poorer 
agreement with experimental data; the upturn in the VE-time curves was shifted 
to longer times than indicated by the experimental data at the higher strain rates, 
and poorer agreement at  intermediate times was obtained at  lower strain 
rates. 

Another possible generalization of 7, to arbitrary flow situations involves the 
replacement of i. with YE, which as stated earlier implies that the third strain 
invariant of the strain rate tensor is not zero. The results are shown in Figure 
2. As can be seen from Figure 2, better agreement with the experimental data 
is obtained at  the highest j / ~  for the longer times than with the assumption of 
no truncation. No significant improvement at  the lowest + E  is, however, evi- 
dent. 

The results in Figure 2 are replotted in Figure 3 such that the extensional 
viscosity is plotted versus elongational strain rate to give curves, which more 
closely resemble the flow curves obtained in the shear case. These plots resemble 
those obtained for the elongational component for converging flow through short 
dies as obtained by Shroff, Cancio, and Shida.14 The resemblance may be a 
result of the approximately constant extensional strain a melt sees upon passage 
through a very short die, although the extensional rate is not constant. There 
is, however, some controversy14 regarding the convergent flow analysis and its 
interpretation in terms of extensional flow. 

While agreement between the predictions of the model from the MWD and 
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Fig. 2. Elongational viscosity as a function of time and strain rate. The predictions are made 
assuming the strain rate dependent truncation of the relaxation spectrum is similar in form to that 
found in shear-the strain rate in shear was simply replaced by the elongational strain rate. The 
values for +E are the same as Figure 1. 

-2 -1 0 
LogU, , sec -'I 

Fig. 3. Data in Figure 2 replotted such that the elongational viscosity is represented as a function 
of strain rate at constant strain levels (ref. 10). 

the experimental data is not perfect, it should be pointed out that the predictions 
were made with no adjustable parameters, using only the constant K in the zero 
shear relation at  155OC and the constants a, Mo, and d ,  which had previously5 
been determined at  190°C for samples of completely different MWD's. Unlike 
the general continuum models,15J6 whose parameters must be determined for 
each sample (generally from dynamic rheological data in shear) the present 
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model’s parameters (determined for a given sample) can be used in making 
predictions for any other sample with an arbitrary MWD and with a similar 
molecular structure. 

Predicted Effects of Molecular Weight Distribution 

The effects of varying the molecular weight distribution can be predicted using 
the model described here. These effects can be predicted from the MWD on 
an actual sample as obtained using GPC by varying the calibration curve. The 
breadth (mJan) of the MWD was varied by changing the slope of the calibra- 
tion curve for the GPC, but keeping Xw constant. This had the effect of keeping 
the low shear viscosity and general “shape” of the MWD constant, but changing 
the breadth of the MWD. Conversely, the effect of the molecular weight at  
constant MWD breadth was effected by a GPC calibration curve shift with no 
calibration curve slope change. 

The results of changing Mw/Mn at constant gu, is shown in Figure 4, where 
7, has been assumed to be a function of Y E  = dV,/dz from eqs. (3) and (4) by 
replacing Y with YE. From Figure 4 it is clear that the effect of increasing Mw/Mn 
is to broaden the maximum shown for high strains and to decrease V E  at high 
strain rates in a manner analogous to the case of steady shearing flow. Analogous 
to the shear case, the viscosities in Figure 4 appear to approach each other at  
constant strain for high strain rates. For the case of lower strains, is lower 
for the broad MWD at all strain rates. The narrower MWD sample approaches 
more rapidly the Trouton viscosity (i.e., 3710) at low +E as might be expected for 
a narrower MWD sample having shorter terminal relaxation times. It should 
be pointed out that the maximum at high strains and the decreasing of 7~ at high 
strain rates is not related to the assumption of the strain rate truncation of the 
relaxation spectrum; plots similar to Figure 4, in which no truncation of the re- 

- _  

- -  

2.; 1 1 I I I 

-3 -2 -1 0 1  2 

Log (&, sec. -‘I 
Fig. 4. Predicted effects of differing breadth of the molecular weight distribution on elongational 

viscosity a t  selected constant strain levels. The dashed line represents an MWD of mwmn = 1.7 
and the solid line an MWD with i@w/7$n = 10.4. Both samples have mw = 245,000. 
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laxation spectrum was assumed in the calculations, produced all the characteristic 
features as in Figure 4. 

These observations on the effect of MWD may be qualitatively rationalized 
as follows in terms of the spring-dashpot analogy (the generalized Maxwell 
model). The relaxation time 7i for a given relaxation mode is qi/Gi, where rli 
and Gi are the viscosity of the dashpot and the spring modulus, respectively. 
Now at constant Mw, the effect of broadening the MWD is2 such as to increase 
the largest relaxation times in the relaxation spectrum. These larger relaxation 
times are associated with increased rli and compliances (l/Gi). At  low strain 
rates the deformation is dominated by the dashpots. In the limit where complete 
domination of the dashpots prevail, V I E  = 310 (zero shear viscosity). If we con- 
sider that deviations from this relation are due to the rubberlike response of the 
springs, we would expect these deviations and behavior characteristics of rub- 
berlike liquids to occur at lower strain rates for mechanisms associated with 
higher UGi, since it would take lower strain rates to produce spring elongation. 
Therefore we would expect deviations from the Trouton viscosity at  lower ex- 
tensional rates for the broader MWD as seen in Figure 4. At the very high strain 
rates mainly the spring will stretch with little dashpot movement. Since the 
spring stress is constant at a given strain and independent of +E,  the spring stress 
divided by + E  gives a decreasing as a function of +E.  Since the broader MWD 
will have more compliant springs associated with its largest relaxation times, 
a lower stress is required a t  a given strain level and strain rate, with the result 
that at  high strain rates a narrower MWD at constant leads to a higher ap- 
parent Q E .  Therefore, we would expect that the extensional behavior of the 
broad MWD sample, having the largest relaxation times, to appear qualitatively 
shifted to lower strain rates. 

Figure 5 shows the predicted elongational _ _  viscosity behavior for samples of 
equivalent MWD (identical M J M ,  and M,/M,) only differing in the absolute 

_ _  

Log (gE, sac. -'I 
_ _  

Fig. 5. Predicted effects of varying Mw at constant M J M ,  = 10.4 on elongational viscosity. The 
dashed line represents a sample having Mw = 101,000 and the solid line a sample with aW = 
245,000. 
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- - -  
values of M,, M,, M,, etc. (i.e., one sample has a shifted molecular weight dis- 
tribution). As can be seen from Figure 5, the elongational viscosity of the higher 
molecular weight sample is predicted to be higher a t  all strain rates at constant 
strain level. However, analogous to the case in Figure 4 and the shearing case, 

for the samples of different molecular weight tend to approach each other 
a t  constant strain and at  the high strain rates. 

Relevance to Fiber Spinning 

The results and predictions dealt with here deal solely with isothermal elon- 
gational flow at constant strain rate, in which from the definition of constant 
extensional strain rate the velocity along a spinline must be a linear function of 
the spinline coordinate. In general, however, fiber spinning does not take place 
at  constant strain rate, is not isothermal, and the stress (and therefore the 
elongational viscosity) varies along the spinline since the cross-sectional area 
of the extrudate varies along the spinline. Furthermore, the strain rates are 
orders of magnitude higher than those dealt with here. This last point does not 
present any problem in the making of predictions since the computer can easily 
calculate an elongational viscosity for these commercially interesting strain rates. 
A far more serious concern in attempting to apply the ideas expounded on here 
to spinning is the lack of constant strain rate. Even for isothermal spinning the 
whole history of a fluid element must be taken into account. Just what this 
history (diameter as a function of distance along the spinline) is in the spinning 
operation is not predictable from the MWD at this time. I am at  present at- 
tempting to apply the predictions made here to the results obtained from Cog- 
swelW4 convergent flow analysis, for which the average history of a fluid element 
can presumably be predicted. Since the results of the convergent flow analysis 
have been to be indicative of isothermal spinning results, it is hoped that 
valuable information on fiber spinning may be obtained from the application 
of the concepts explored here to Cogswell’s convergent flow analysis. 

Generally, in fiber spinning the thread breaks at some maximum stretch ratio 
(VJV,, where V,  is the takeup velocity and V ,  is the velocity of the melt in the 
spinnerette). If it is assumed that this maximum stretch ratio is associated with 
the strain softening17 at higher values of the stretch ratio (which is related to the 
strain), a higher elongational viscosity would be expected to lead to a higher 
maximum stretch ratio. Calculations as in Figure 4 show that at constant mw 
and at  the high strain rates in spinning operations a narrower MWD material 
has a higher elongational viscosity, which might be expected to allow the spinning 
to take place at  higher takeup velocities until a threadline ductile failure takes 
place-in other words a narrower MWD is predicted to be more spinnable, in 
agreement with some reported experimental results.18 

The above argument is no doubt a gross oversimplification since at least three 
(cohesive fracture, ductile, and “capillary”) failure mechanisms have been 
identifiedlg and found to be important in spinline failure. A more complete 
examination of this phenomenon in terms of predictions will be the subject of 
a future paper. 
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Prediction of Elongational Viscosity from Steady Shearing Viscosity 
Data 

It has been established that the steady shearing viscosity is predictable from 
the MWD. The results presented in this paper suggest that the elongational 
viscosity at constant strain rate is also predictable from the MWD. The question 
as to whether shear data is sufficient to predict the elongational viscosity has 
important implications, because of the inherent experimental difficulties in 
measuring the elongational viscosity. 

In order to evaluate the elongational viscosity in terms of the rubberlike-liquid 
model of Lodge, the relaxation spectrum should be calculable. The relaxation 
spectrum has been shown to be calculable3 from either the MWD or shear vis- 
cosity as a function of shear rate, once the functional relationship of the shear- 
dependent maximum-allowed relaxation time T ,  is known. T ,  has been evalu- 
ated for polystyrene5 and high-density p~lyethylene~.~ as a function of i /  to be 

T ,  = 1.67/(i/)0.885 (7) 
and 

T,  2.13/i/ 

respectively. 
Consequently,2 we get for HDPE, 

Finally, from eqs. (6) and (8), together with eq. (7), substituting i / ~  for i / ,  the 
elongational viscosity can in principle be evaluated from steady shear viscosity 
data. 

CONCLUSIONS 

The essential features of the rheological behavior of polymer melts undergoing 
isothermal elongational flow at constant strain rate can be adequately predicted 
from the molecular weight distribution by combining the rubberlike-liquid model 
of Lodge with the Bersted model. Comparison of predictions and experimental 
data a t  various constant extensional strain rates suggest that, in an analogous 
manner to shearing flow, the relaxation spectrum is progressively truncated with 
extensional rate. The functional relationship between the truncation and de- 
formation rate appears to be the same for shear and elongation, suggesting that 
for nonviscometric flows the third strain rate invarient is not zero. 

Both the experimental data of Ballman and Everage on polystyrene and pre- 
dictions of the hybrid of the Lodge and Bersted models show that, depending 
on the strain rate and strain, the elongation viscosity can be constant, increase 
with strain rate, or decrease with strain rate. 

The predicted effect of MWD is essentially as follows. At constant mL,, and 
strain the effect of narrowing the MWD on the elongational viscosity is to raise 
the viscosity at  high strain rates and to appear to shift the extensional viscos- 
ity-strain rate curve to higher strain rates. 

It is concluded that the elongational viscosity at constant strain rate could be 
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predicted from steady shear viscosity data, thereby eliminating the difficult task 
of making elongational viscosity measurements. 

The author is indebted to  Dr. A. Everage and Dr. R. Ballman for providing him with a sample of 
polystyrene, for which previously published experimental extensional data were available. 

APPENDIX: TIME DEPENDENT ELONGATIONAL VISCOSITY 
IN TERMS OF THE RELAXATION SPECTRUM 

From Lodge’s rubberlike-liquid model: the elongational viscosity can be represented as 

qE = 1 - I  p(t  - t’)(eZ?E(t-f’) - e-?E(L-t’))&’ (1) 
m 

where p(t  - t’) is the “memory function,” t’ is the past time, and t is the present time. 
I t  has been shown by Janeschitz-KrieglZ0 that 

d C ( t  - t’) 
p(t  - t’) = 

dt’ 

if G ( t )  vanishes a t  t = m. For suddenly imposed steady elongational flow at  t’ = 0, one has to use 
(t  - t’) = t for t’ < 0 and ( t  - t’) = t - t’ for t’ I 0. 

Substituting in eq. (1) for pdt from eq. (2), and using the above constraints, we get 

where 7’ = t - t’. 

(3) and performing the 
Substituting the usual expression for the time-dependent shear modulus given in eq. (4) into eq. 
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